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Abstract
Fix p an odd prime. Let E be an elliptic curve over Q with semistable reduction at p. We show
that the adjoint p-adic L-function of E evaluated at infinitely many integers prime to p completely
determines up to a quadratic twist the isogeny class of E. To do this, we prove a result on the
determination of isobaric representations of GL(3,AQ) by certain L-values of p-power twists.
1 Introduction
In this paper we will prove the following result concerning the p-adic L-function of the symmetric square
of an elliptic curve over Q, denoted Lp(Sym
2E, s) for s ∈ Zp. More specifically, Theorem 1 gives a
generalization of the result obtained in [10] concerning p-adic L-functions of elliptic curves over Q:
Theorem 1. Let p be an odd prime and E,E′ be elliptic curves over Q with semistable reduction at p.
Suppose
Lp(Sym
2E,n) = CLp(Sym
2E′, n) (1.1)
for all integers n prime to p in an infinite set Y and some constant C ∈ Q. Then E′ is isogenous to a
quadratic twist ED of E. If E,E
′ have square free conductors, then in fact E ≈ E′ over Q.
Suppose E has good reduction at p. Following the definition in [4] of the p-adic L-function for the
symmetric square of an elliptic curve E over Q, if χ : Z×p → C×p is a wild p-adic character of conductor
pmχ , which can be identified with a primitive Dirichlet character, then
Lp(Sym
2E,χ) =
∫
Z
×
p
χdµp = CE · α−2mχp τ(χ)2pmχL(Sym2E,χ, 2) (1.2)
where CE is a constant that depends on E, τ(χ) is the Gauss sum of χ and αp is a root of the polynomial
X2 − apX + p, with ap = p + 1 − #E(Fp). It is proved in [4] that if E has good ordinary reduction
at p then µp is a bounded measure on Z
×
p , while if E has good supersingular reduction at p then µp is
h-admissible (cf. [20]) with h = 2.
Similarly, if E has bad multiplicative reduction at p, then for a non-trivial even character as above we
have
Lp(Sym
2E,χ) =
∫
Z×p
χdµp = C
′
Eτ(χ)
2pmχL(Sym2E,χ, 2), (1.3)
with µp bounded on Z
×
p .
Set
Lp(Sym
2E,χ, s) := Lp(Sym
2E,χ · 〈x〉s)
where 〈·〉 : Z×p → 1 + pZp, with 〈x〉 = xω(x) and ω : Z×p → Z×p the Teichmu¨ller character.
Using the theory on h-admissible measures developed in [20], identity (1.1) implies that
Lp(Sym
2E,χ, s) = CLp(Sym
2E′, χ, s)
1
holds for all s ∈ Zp and χ a wild p-adic character.
Let f, f ′ be the newforms of weight 2 associated to E and E′, and π, π′ the unitary cuspidal automor-
phic representations of GL(2,AQ) generated by f and f
′ respectively. Then
L(Sym2E, s) = L(Sym2π, s − 1) (1.4)
where Sym2π is the automorphic representation of GL(3,AQ) associated to π by Gelbart and Jacquet in
[5].
Hence, using (1.2), Theorem 1 is a consequence of the following result on the determination of isobaric
automorphic representations of GL(3) over Q, which will be proved in Section 4.
Theorem 2. Suppose π, π′ are two isobaric sums of unitary cuspidal automorphic representations of
GL(3,AQ) with the same central character ω. Let X
w
(p) be the set of p-power order characters of conductor
pa for some a. Suppose L(π ⊗ χ, s) is entire for all χ ∈ Xw(p), and that there exist constants B,C ∈ C
such that
L(π ⊗ χ, β) = BaCL(π′ ⊗ χ, β) (1.5)
for some 1 ≥ β > 23 and for all χ ∈ Xw(p),a primitive p-power order characters of conductor pa for all
but a finite number of a. Then π ∼= π′. Note that if π, π′ are isobaric sums of tempered unitary cuspidal
automorphic representations then the same result holds if (1.5) is satisfied for some 1 ≥ β > 12 (If the
generalized Ramanujan conjecture is true then this condition is automatically satisfied).
Note that in [13], a result was proved concerning the determination of GL(3) forms by twists of
characters of almost prime modulus of the central L-values. In our case, we twist over a more sparse set
of characters.
Sym2π is cuspidal iff E is non-CM. Hence, if in Theorem 1 E,E′ are two non-CM elliptic curves, then
it is enough to prove Theorem 2 for π, π′ cuspidal automorphic representations of GL(3,AQ).
If E,E′ have complex multiplication, let η, η′ be the associated (unitary) idele class characters over
the imaginary quadratic number fields K,K ′ and let π, π′ be the cuspidal automorphic representations of
GL(2,AQ) automorphically induced by η and η
′ respectively. Then π, π′ are dihedral and moreover
Sym2(π) ∼= IQK(η2)⊞ η0
with η0 the restriction of η to Q, and similarly for Sym
2(π′). Here ⊞ denotes the isobaric sum (see
Section 2). Twisting by a character χ 6= η−10 , since L(Sym2(π)⊗χ, s) is an entire function, it follows that
Theorem 1 is a consequence of Theorem 2. Note that if K = K ′ then η0 = η
′
0 and Theorem 2 is a direct
consequence of Theorem A in [10].
Using Theorem 4.1.2 in [14], the following is a consequence of Theorem 2:
Theorem 3. Suppose π, π′ are two unitary cuspidal automorphic representations of GL(2,AQ) with the
same central character ω. Suppose there exist constants B,C ∈ C such that
L(Ad(π) ⊗ χ, β) = BaCL(Ad(π′)⊗ χ, β) (1.6)
for some 1 ≥ β > 23 and for all χ ∈ Xw(p),a primitive p-power order characters of conductor pa for all but
a finite number of a. Then there exists quadratic character ν such that π ∼= π′ ⊗ ν. If π, π′ are tempered
then the same result holds if (1.6) is true for some 1 ≥ β > 12 .
In Section 3, we will prove the following result on isobaric sums of unitary cuspidal automorphic
representations of GL(n,AQ) for n ≥ 3:
Theorem 4. Let π be an isobaric sum of unitary cuspidal automorphic representations of GL(n,AQ) with
n ≥ 3 and s, r be integers relatively prime to p. If L(π⊗ χ, s) is entire for all χ p-power order characters
of conductor pa for some a, then
lim
a→∞
p−a
∑∗
χ mod pa
χ(s)χ(r)L(π ⊗ χ, β) = 1
p
(
1− 1
p
)
aπ(s/r)
(s/r)β
(1.7)
where
∑∗ denotes the sum over primitive p-power order characters of conductor pa and 1 ≥ β > n−1n+1 if π
is an isobaric sum of tempered unitary cuspidal automorphic representations and 1 ≥ β > n−1n in general.
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This result generalizes Proposition 2.2 in [10]. To prove Theorem 4, we will check that the approximate
functional equation for L(π ⊗ χ, β) in [9] holds for isobaric automorphic representations of GL(n,AQ) if
L(π ⊗ χ, s) is entire. Note that in [2], a similar functional equation for the L-function associated to an
isobaric automorphic representation at the center β = 12 was proved.
Theorem 4, together with the Generalized Strong Multiplicity One Theorem (see Section 2) proves
Theorem 2. As a consequence of Theorem 4, the following non-vanishing result holds:
Corollary 1. Let π be an isobaric sum of unitary cuspidal automorphic representations of GL(n,AQ)
with n ≥ 3. There are infinitely many primitive p-power order characters χ of conductor pa for some a,
such that if L(π ⊗ χ, s) is entire for all such characters then L(π ⊗ χ, β) 6= 0 for all β 6∈
[
2
n+1 , 1− 2n+1
]
if π is an isobaric sum of tempered unitary cuspidal automorphic representations and for β 6∈ [ 1n , 1− 1n]
in general.
A similar nonvanishing result involving p-power twists of cuspidal automorphic representations of
GL(n,AQ) was proved in [21] for β 6∈
[
2
n+1 , 1− 22n+1
]
. In [1] a nonvanishing result for β in the same
intervals as in Corollary 1 was proved for all twists of L-functions of GL(n), instead of just for p-power
twists. In [9], the result in [1] was further improved to the interval β 6∈ [ 2n , 1− 2n]. Note that the set of
primitive characters of p-power order of conductor pa for some a is more sparse than the set of characters
considered in [1] and [9].
We should also note that for n = 2, Rohrlich [15] proves that if f is a newform of weight 2, then for
all but finitely many twists by Dirichlet characters, the L-function is nonvanishing at s = 1.
Acknowledgments: The author would like to thank her advisor Dinakar Ramakrishnan, Wenzhi
Luo, Philippe Michel and Gergely Harcos for useful discussions.
2 Preliminaries
Let π be an irreducible automorphic representation of GL(n,AQ) and L(π, s) its associated L-function.
Write π = ⊗′vπv as a restricted direct product with πv admissible irreducible representations of the local
groups GL(n,Qv). The Euler product
L(π, s) =
∏
v
L(πv, s) (2.1)
converges for Re(s) large. There exist conjugacy classes of matrices Av(π) ∈ GL(n,C) such that the local
L-functions at finite places v with πv unramified are
L(πv, s) = det(1−Av(π)q−sv )−1 (2.2)
with qv the order of the residue field at v. We can take Av(π) = [α1,v(π), · · · , αn,v(π)] to be diagonal
representatives of the conjugacy classes.
For S a set of places of Q we can define
LS(π, s) =
∏
v 6∈S
Lv(π, s) (2.3)
called the incomplete L-function associated to set S.
Let ⊞ be the isobaric sum introduced in [7]. We can define an irreducible automorphic representation,
called an isobaric representation, π1 ⊞ · · · ⊞ πm of GL(n,AQ), n =
∑m
i=1 ni, for m cuspidal automorphic
representations πi ∈ GL(ni,AQ). Such a representation satisfies
LS(⊞mj=1πj, s) =
m∏
j=1
LS(πj, s)
3
with S a finite set of places.
We say that an isobaric representation is tempered if each πi in the isobaric sum π = π1 ⊞ · · ·⊞ πm is
a tempered cuspidal automorphic representation, or more specifically if each local factor πi,v is tempered.
Since we will want bound (2.5) on the coefficients of the Dirichlet series (2.4) to hold, we will consider a
subset of the set of isobaric representations of GL(n,AQ), more specifically, those given by an isobaric sum
of unitary cuspidal automorphic representations. We denote this subset by Au(n). We will also consider
the case when the unitary cuspidal automorphic representations in the isobaric sum are tempered, which
is expected to always happen if the generalized Ramanujan conjecture is true.
The following generalization of the Strong Multiplicity One Theorem for isobaric representations is
due to Jacquet and Shalika (see [7]):
Theorem (Generalized Strong Multiplicity One). Consider two isobaric representations π1 and π2 of
GL(n,AQ) and S a finite set of places of Q that contains ∞, such that π1 and π2 are unramified outside
set S. Then π1,v ∼= π2,v for all v 6∈ S implies π1 ∼= π2.
Let n ≥ 3 and let π ∈ Au(n) be an isobaric sum of unitary cuspidal automorphic representations of
GL(n,AQ) with (unitary) central character ωπ and contragradient representation π˜. We have
L(π∞, s) =
n∏
j=1
π−
s−µj
2 Γ
(
s− µj
2
)
, L(π˜∞, s) =
n∏
j=1
π−
s−µj
2 Γ
(
s− µj
2
)
for some µj ∈ C, with π in this context denoting the transcendental number.
The L-function is defined for Re(s) > 1 by the absolutely convergent Dirichlet series
L(π, s) =
∞∑
m=1
aπ(m)
ms
(2.4)
with aπ(1) = 1. This extends to a meromorphic function on C with a finite number of poles.
It is known that the coefficients aπ(m) of the Dirichlet series satisfy∑
m≤M
|aπ(m)|2 ≪ǫ M1+ǫ (2.5)
for M ≥ 1 (cf. Theorem 4 in [12], [6, 7, 17, 18]).
The completed L-function Λ(π, s) = L(π∞, s)L(π, s) obeys the functional equation
Λ(π, s) = ǫ(π, s)Λ(π˜, 1− s) (2.6)
where the ǫ-factor is given by
ǫ(π, s) = f1/2−sπ W (π) (2.7)
and fπ and W (π) are the conductor and the root number of π.
Let χ denote an even primitive Dirichlet character that is unramified at ∞ and with odd conductor q
coprime to fπ. The twisted L-function obeys the functional equation
Λ(π ⊗ χ, s) = ǫ(π ⊗ χ, s)Λ(π˜ ⊗ χ, 1− s) (2.8)
where Λ(π ⊗ χ, s) = L(π∞, s)L(π ⊗ χ, s). The ǫ-factor is given by
ǫ(π ⊗ χ, s) = ǫ(π, s)ωπ(q)χ(fπ)q−nsτ(χ)n (2.9)
with τ(χ) the Gauss sum of the character χ (cf. Proposition 4.1 in [1]).
Since L(π⊗χ, s) does not vanish in the half-plane Re(s) > 1, it is enough to consider 1/2 ≤ Re(s) ≤ 1.
Twisting π by a unitary character | · |it if needed, take s ∈ R. Hence, from now on,
1
2
≤ s ≤ 1. (2.10)
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We now present a construction also introduced in [9, 10]. For a smooth function g with compact
support on (0,∞), normalized such that ∫∞0 g(u)duu = 1, we can introduce an entire function k to be
k(s) =
∫ ∞
0
g(u)us−1du
such that k(0) = 1 by normalization and k decreases rapidly in vertical strips. We then define two
functions for y > 0,
F1(y) =
1
2πi
∫
(2)
k(s)y−s
ds
s
, (2.11)
F2(y) =
1
2πi
∫
(2)
k(−s)G(−s + β)y−s ds
s
, (2.12)
with G(s) = L(π˜∞,1−s)L(π∞,s) and the integrals above are over Re(s) = 2. The functions F1(y) and F2(y) obey
the following relations (see [9]):
1. F1,2(y)≪ Cmy−m for all m ≥ 1, as y →∞.
2. F1(y) = 1 +O(y
m) for all m ≥ 1 for y small enough.
3. F2(y) ≪ǫ 1 + y1−η−Re(β)−ǫ for any ǫ > 0, where η = max1≤j≤nRe(µj). The following inequality
holds (see [11]):
0 ≤ η ≤ 1
2
− 1
n2 + 1
. (2.13)
The following approximate functional equation was first proved in [9] for cuspidal automorphic rep-
resentations of GL(n) over Q. We verify that it holds for π ∈ Au(n) such that L(π ⊗ χ, s) is entire. A
similar approximate functional equation was proved in [2] for L(π, β) at the center β = 12 , for slightly
different rapidly decreasing functions.
Theorem. If π ∈ Au(n) and χ a primitive Dirichlet character of conductor q such that L(π ⊗ χ, s) is
entire, then for any 12 ≤ β ≤ 1
L(π ⊗ χ, β) =
∞∑
m=1
aπ(m)χ(m)
mβ
F1
(
my
fπqn
)
+ ωπ(q)ǫ(0, π)τ(χ)
n(fπq
n)−β
∞∑
m=1
aπ˜(m)χ(mf
′
π)
m1−β
F2
(
m
y
)
,
where f ′π is the multiplicative inverse of fπ modulo q.
Proof. For σ > 0, y > 0 consider the integral:
1
2πi
∫
(σ)
k(s)L(π ⊗ χ, s+ β)
(
y
fπqn
)−s ds
s
.
Since k(s) and L(π ⊗ χ, s+ β) are entire functions, the only pole of the function
k(s)L(π ⊗ χ, s+ β)
(
y
fπqn
)−s
s−1
is a simple pole at s = 0 with residue equal to
lims→0k(s)L(π ⊗ χ, s+ β)
(
y
fπqn
)−s
= L(π ⊗ χ, β)
since k(0) = 1. Then by the residue theorem
L(π ⊗ χ, β) = 1
2πi
∫
(σ)
k(s)L(π ⊗ χ, s+ β)
(
y
fπqn
)−s ds
s
− 1
2πi
∫
(−σ)
k(s)L(π ⊗ χ, s+ β)
(
y
fπqn
)−s ds
s
.
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Taking s→ −s in the second integral gives
L(π ⊗ χ, β) = 1
2πi
∫
(σ)
k(s)L(π ⊗ χ, s+ β)
(
y
fπqn
)−s ds
s
+
1
2πi
∫
(σ)
k(−s)L(π ⊗ χ,−s+ β)
(
y
fπqn
)s ds
s
.
The functional equation is
L(π∞, s)L(π ⊗ χ, s) = ǫ(π ⊗ χ, s)L(π˜∞, 1− s)L(π˜ ⊗ χ, 1− s),
which implies that
L(π ⊗ χ, s) = ǫ(π ⊗ χ, s)G(s)L(π˜ ⊗ χ, 1− s).
Substituting this identity in the second integral gives
L(π ⊗ χ, β) = I1 + I2 (2.14)
with
I1 =
1
2πi
∫
(σ)
k(s)L(π ⊗ χ, s+ β)
(
y
fπqn
)−s ds
s
and
I2 =
1
2πi
∫
(σ)
ǫ(β − s, π ⊗ χ)G(β − s)k(−s)L(π˜ ⊗ χ, 1 + s− β)
(
y
fπqn
)s ds
s
.
Taking σ = 2 and substituting with L(π ⊗ χ, s) = ∑∞m=1 aπ(m)χ(m)m−s in the region of absolute
convergence gives
I1 =
∞∑
m=1
aπ(m)χ(m)m
−β · 1
2πi
∫
(2)
k(s)
(
my
fπqn
)−s ds
s
,
and by the definition of F1,
I1 =
∞∑
m=1
aπ(m)χ(m)m
−βF1
(
my
fπqn
)
. (2.15)
Similarly,
I2 =
1
2πi
∫
(2)
ǫ(β − s, π ⊗ χ)G(β − s)k(−s)
∞∑
m=1
aπ˜(m)χ(m)m
−1−s+β
(
y
fπqn
)s ds
s
with ǫ(β − s, π ⊗ χ) = ǫ(β − s, π)ωπ(q)χ(fπ)q−n(β−s)τ(χ)n and ǫ(β − s, π) = f1/2−β+sπ W (π). This gives
I2 =
∞∑
m=1
aπ˜(m)χ(mf
′
π)m
−1+βf1/2−βπ W (π)ωπ(q)q
−nβτ(χ)n · 1
2πi
∫
(2)
G(β − s)k(−s)ysm−sds
s
.
By the definition of F2,
I2 = ωπ(q)ǫ(0, π)τ(χ)
n(fπq
n)−β
∞∑
m=1
aπ˜(m)χ(mf
′
π)
m1−β
F2
(
m
y
)
. (2.16)
Here W (π)f
1/2
π = ǫ(0, π). Applying equations (2.14), (2.15) and (2.16) gives the desired approximate
functional equation.
For an odd prime p, define the sets (following the notations in [10]):
X(p) = {χ a Dirichlet character of conductor pa for some a},
Xw(p) = {χ ∈ X(p)|χ has p-power order}.
The characters of Xw(p) are called wild at p.
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If χ ∈ X(p), then χ : (Z/paZ)× → C× for some a. Note that (Z/paZ)× ∼= Z/pa−1Z × Z/(p − 1)Z. A
character in X(p) is an element in X
w
(p) if and only if it is trivial on the elements of exponent p − 1. We
denote the integers (mod pa) of exponent p − 1 by Sa and the sum over all primitive wild characters of
conductor pa by
∑∗
χ mod pa.
Consider the set
G(pa) := ker((Z/paZ)× → (Z/p)×) ∼= Z/pa−1Z. (2.17)
Using the orthogonality of characters we get that summing over the primitive wild characters of
conductor pa gives (see [10]): ∑∗
χ mod pa
χ = |G(pa)|δSa − |G(pa−1)|δSa−1 , (2.18)
with |G(pa)| = pa−1 from (2.17) and δSa the characteristic function of Sa.
The following result for hyper-Kloosterman sums was proved in [22]:
Lemma 1. Let p be a prime number, 1 < n < p and q = pa with a > 1. Let x′ denote the inverse of x
mod q and let e(x) := e2πix. Then for any integer z coprime to p the hyper-Kloosterman sum
∣∣∣ ∑
x1,··· ,xn(mod q)
(xi,p)=1
e
(
x1 + · · ·+ xn + zx′1 · · · x′n
q
)∣∣∣
is bounded by 

≤ (n+ 1)qn/2 if 1 < n < p− 1, a > 1
≤ p1/2qn/2 if n = p− 1, a ≥ 5
≤ pqn/2 if n = p− 1, a = 4
≤ p1/2qn/2 if n = p− 1, a = 3
≤ qn/2 if n = p− 1, a = 2.
(2.19)
A consequence of Lemma 1 is the following result:
Lemma 2. Let τ(χ) denote the Gauss sum of the character χ. If (r, p) = 1, then the following bound
holds: ∣∣∣∑∗
χ mod pa
χ(r)τn(χ)
∣∣∣≪ p1/2+a(n+1)/2 (2.20)
for 2 < n ≤ p.
Proof. If χ is a primitive character of conductor pa, then
τ(χ) =
pa−1∑
m=0
χ(m)e2πim/p
a
.
Let
A :=
∑∗
χ mod pa
χ(r)τn(χ),
then
A =
∑∗
χ mod pa

χ(r)
(
pa−1∑
m=0
χ(m)e2πim/p
a
)n .
Rewrite the above sum as follows:
A =
∑∗
χ mod pa
[
χ(r)
(
pa−1∑
x1=0
χ(x1)e
2πix1/pa
)
· · ·
(
pa−1∑
xn=0
χ(xn)e
2πixn/pa
)]
.
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This in turn gives
A =
pa−1∑
x1=0
· · ·
pa−1∑
xn=0
∑∗
χ mod pa
χ(r′)χ(x1) · · ·χ(xn)e
(
x1 + · · ·+ xn
pa
)
.
Hence,
A =
pa−1∑
x1=0
· · ·
pa−1∑
xn=0
[∑∗
χ mod pa
χ(r′x1 · · · xn)
]
e
(
x1 + · · ·+ xn
pa
)
which by equation (2.18) gives
A =
pa−1∑
x1=0
· · ·
pa−1∑
xn=0
e
(
x1 + · · ·+ xn
pa
)
(pa−1δSa(r
′x1 · · · xn)− pa−2δSa−1(r′x1 · · · xn)).
Thus,
A = pa−1
∑
b∈Sa
T (br, pa)− pa−2
∑
c∈Sa−1
p−1∑
i=0
T (cr + ipa−1, pa) (2.21)
where
T (u, pa) =
∑
x1,··· ,xn−1(mod pa)
(xi,p)=1
e
(
x1 + · · ·+ xn−1 + ux′1 · · · x′n−1
pa
)
.
From Lemma 1, for (u, p) = 1 and a sufficiently large
|T (u, pa)| ≪ p1/2+a(n−1)/2. (2.22)
From (2.21) and (2.22) it follows that
|A| ≪ pa−1(p− 1)p1/2+a(n−1)/2 + pa−2(p− 1)2p1/2+a(n−1)/2.
Thus |A| ≪ pap1/2+a(n−1)/2.
3 Non-vanishing of p-power twists on GL(n,AQ)
Let s, r be integers relatively prime to p. For π an isobaric sum of unitary cuspidal automorphic repre-
sentations of GL(n,AQ) define
Ss/r(p
a, π, β) = p−a
∑∗
χ mod pa
χ(s)χ(r)L(π ⊗ χ, β) (3.1)
where
∑∗ denotes the sum over primitive wild characters of conductor pa.
In this section we prove Theorem 4, which states that:
lim
a→∞
Ss/r(p
a, π, β) =
1
p
(
1− 1
p
)
aπ(s/r)
(s/r)β
(3.2)
for β > n−1n+1 if π is tempered, and for β >
n−1
n in general. Note that in this section, by π tempered we will
mean an isobaric sum of tempered (unitary) cuspidal automorphic representations. If s6 |r above, then we
define aπ(s/r) to be zero.
Proof of Theorem 4. We generalize the proof of Proposition 2.2 in [10] and use methods also developed
in [9, 21]. The following approximate functional equation holds (see Section 2):
L(π ⊗ χ, β) =
∞∑
m=1
aπ(m)χ(m)
mβ
F1
(
my
fπpan
)
+ ωπ(p
a)ǫ(0, π)τ(χ)n(fπp
an)−β
∞∑
m=1
aπ˜(m)χ(mf
′
π)
m1−β
F2
(
m
y
)
,
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where χ is a character of conductor pa and f ′π is the multiplicative inverse of fπ modulo p
a.
Define x such that xy = pan. Write
Ss/r(p
a, β) = S1,s/r(p
a, β) + S2,s/r(p
a, β), (3.3)
where
S1,s/r(p
a, β) = p−a
∑∗
χ mod pa
∞∑
m=1
aπ(m)χ(ms
′r)
mβ
F1
(
m
fπx
)
(3.4)
and
S2,s/r(p
a, β) = p−aωπ(p
a)
∑∗
χ mod pa
ǫ(0, π)τ(χ)n(fπp
an)−β
∞∑
m=1
aπ˜(m)χ(ms
′rf ′π)
m1−β
F2
(
m
y
)
. (3.5)
Let
Zs/r(p
a, β) =
∑
b∈Sa
∑
rm≡bs(pa)
m≥1
aπ(m)
mβ
F1
(
m
fπx
)
. (3.6)
Then applying equation (2.18) gives
S1,s/r(p
a) = p−a
∞∑
m=1
aπ(m)
mβ
F1
(
m
fπx
)[
pa−1δSa(ms
′r)− pa−2δSa−1(ms′r)
]
,
hence
S1,s/r =
1
p
[
Zs/r(p
a, β) − p−1Zs/r(pa−1, β)
]
. (3.7)
Assume r|s. First, consider the term in (3.6) with b = 1 and m = s/r. This is a solution to the
equation rm ≡ bs(mod pa) for all a. We will want to set the necessary condition for this to be the
dominant contribution. Now if m 6= s/r, then m = bs/r + kpa. If k = 0 then b 6= 1 and since b ∈ Sa, it
follows that b≫ pa/(p−1) which implies
m≫ pa/(p−1).
If k 6= 0, then m≪ kpa.
Decompose
Zs/r(p
a, β) = Σ1,a +Σ2,a,
where
Σ1,a =
aπ(s/r)
(s/r)β
F1
(
s
rfπx
)
(3.8)
and
Σ2,a =
∑
b∈Sa
∑
rm≡bs(pa)
m≥1,m6=s/r
aπ(m)
mβ
F1
(
m
fπx
)
. (3.9)
Since F1
(
m
fπx
)
= 1 +O
(
m
fπx
)
,
Σ1,a =
aπ(s/r)
(s/r)β
(
1 +O
(
1
x
))
. (3.10)
Following [10], let
bm,a :=
{
1 if m = bs/r + kpa
0 otherwise.
(3.11)
Then
Σ2,a ≪
∣∣∣ ∑
1≤m≪x1+ǫ
m6=s/r
aπ(m)
mβ
bm,aF1
(
m
fπx
)∣∣∣+ ∣∣∣ ∑
m≫x1+ǫ
m6=s/r
aπ(m)
mβ
bm,aF1
(
m
fπx
)∣∣∣. (3.12)
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Define
P2,a =
∣∣∣ ∑
1≤m≪x1+ǫ
m6=s/r
aπ(m)
mβ
bm,aF1
(
m
fπx
)∣∣∣
and
Q2,a =
∣∣∣ ∑
m≫x1+ǫ
m6=s/r
aπ(m)
mβ
bm,aF1
(
m
fπx
)∣∣∣.
Since F1
(
m
fπx
)
= 1 +O(xǫ) for m≪ x1+ǫ, this gives
P2,a ≪ xǫ
∣∣∣ ∑
1≤m≪x1+ǫ
m6=s/r
aπ(m)
mβ
bm,a
∣∣∣ (3.13)
and since F1
(
m
fπx
)
≪ xtmt for any integer t and m≫ x1+ǫ,
Q2,a ≪ xt
∣∣∣ ∑
m≫x1+ǫ
m6=s/r
aπ(m)
mβ+t
bm,a
∣∣∣. (3.14)
If π is tempered then from (3.13)
P2,a ≪ xǫ
∑
1≤m≪x1+ǫ
m6=s/r
mǫ−βbm,a
≪ xǫ

 ∑
kpa≪x1+ǫ
(kpa)ǫ−β + (pa/(p−1))ǫ−β


≪ xǫpa(ǫ−β)
∑
k≪ x
1+ǫ
pa
kǫ−β
≪ xǫpa(ǫ−β)
(
x1+ǫ
pa
)ǫ−β+1
≪ p−ax1−β+ǫ. (3.15)
Similarly, from (3.14)
Q2,a ≪ xt
∑
m≫x1+ǫ
mǫ−β−tbm,a
≪ xt
∑
k≫ x
1+ǫ
pa
(kpa)ǫ−β−t
≪ xtpa(ǫ−β−t)
∑
k≫ x
1+ǫ
pa
kǫ−β−t
≪ xtpa(ǫ−β−t)x
ǫ−β−t+1
pǫ−β−t+1
≪ p−ax1−β+ǫ. (3.16)
From (3.12), (3.15) and (3.16), if π is tempered then
Σ2,a ≪ p−ax1−β+ǫ. (3.17)
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We want Σ2,a → 0 as a→∞. Substituting with x = pan(1−υ) gives the condition
−1 + (1− υ)n(1− β + ǫ) < 0,
or equivalently
υ > 1− 1
n(1− β + ǫ) . (3.18)
If π is not tempered, applying Cauchy’s inequality to equation (3.13) gives
P2,a ≪ xǫ

 ∑
1≤m≪x1+ǫ
|aπ(m)|2
m2β


1/2
·

 ∑
1≤m≪x1+ǫ
b2m,a


1/2
hence
P2,a ≪ x
1/2+ǫ
pa/2

 ∑
1≤m≪x1+ǫ
|aπ(m)|2
m2β


1/2
.
Split the sum over m in dyadic intervals
P2,a ≪ x
1/2+ǫ
pa/2

 ∑
1≤i≪(1+ǫ) log(x)
2i∑
m=2i−1+1
|aπ(m)|2
m2β


1/2
.
By applying inequality (2.5),
P2,a ≪ x
1/2+ǫ
pa/2

 ∑
1≤i≪(1+ǫ) log(x)
2i+ǫ
22(i−1)β


1/2
which gives
P2,a ≪ p−a/2x1−β+ǫ. (3.19)
In equation (3.14), write t = t1 + t2, with t1, t2 large integers, and apply Cauchy’s inequality:
Q2,a ≪ xt1+t2

 ∑
m≫x1+ǫ
|aπ(m)|2
m2β+2t1


1/2
 ∑
m≫x1+ǫ
b2m,a
m2t2


1/2
≪ xt1+t2

 ∑
i≫(1+ǫ) log(x)
∑
2i−1<m≤2i
|aπ(m)|2
m2β+2t1


1/2

 ∑
k≫ x
1+ǫ
pa
1
(kpa)2t2


1/2
. (3.20)
Using (2.5),
Q2,a ≪ xt1+t2

 ∑
i≫(1+ǫ) log(x)
2i+ǫ
2(i−1)(2β+2t1)


1/2

 ∑
k≫ x
1+ǫ
pa
p−2at2
1
k2t2


1/2
≪ xt1+t2
(
x1−2t1−2β+ǫ
)1/2 (
p−2at2x1−2t2+ǫ
)1/2
≪ p−at2x1−β+ǫ. (3.21)
Putting (3.12), (3.19) and (3.21) together gives
Σ2,a ≪ p−a/2x1−β+ǫ. (3.22)
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Since we want Σ2,a → 0, we get the condition
an(1− υ)(1 − β + ǫ) < a
2
.
This gives
υ > 1− 1
2n(1− β + ǫ) . (3.23)
For υ as above,
lim
a→∞
S1,s/r(p
a, β) =
1
p
[
aπ(s/r)
(s/r)β
− 1
p
· aπ(s/r)
(s/r)β
]
,
hence
lim
a→∞
S1,s/r(p
a, β) =
p− 1
p2
· aπ(s/r)
(s/r)β
. (3.24)
In (3.5) write
|S2,s/r| ≪ A2,s/r +B2,s/r, (3.25)
where
A2,s/r = p
−ap−anβ
∑
m≪y1+ǫ
[ |aπ˜(m)|
m1−β
F2
(
m
y
) ∣∣∣∑∗
χ(mod pa)
χ(ms′rf ′π)τ
n(χ)
∣∣∣] (3.26)
and
B2,s/r = p
−ap−anβ
∑
m≫y1+ǫ
[ |aπ˜(m)|
m1−β
F2
(
m
y
) ∣∣∣∑∗
χ(mod pa)
χ(ms′rf ′π)τ
n(χ)
∣∣∣] . (3.27)
If π is tempered then |aπ˜(m)| ≪ mǫ. Also, F2
(
m
y
)
≪ 1 +
(
m
y
)1−β−ǫ
if m ≪ y1+ǫ, which gives
F2
(
m
y
)
≪ yǫ(1−β). Applying Lemma 2,
|A2,s/r| ≪ p−ap−anβp1/2+a(n+1)/2yǫ(1−β)
y1+ǫ∑
m=1
mǫ+β−1
and since
∑y1+ǫ
m=1m
ǫ+β−1 ≪ y(1+ǫ)(ǫ+β),
|A2,s/r| ≪ p−anβ+a(n−1)/2yǫ+β, (3.28)
for any ǫ > 0.
Assume now π is not tempered. By Cauchy’s inequality and√
1 + (m/y)2 ≪ yǫ for m≪ y1+ǫ
we obtain
|A2,s/r| ≪ p−ap−anβyǫ

 ∑
m≪y1+ǫ
|aπ˜(m)|2
m2−2β


1/2(
∞∑
m=−∞
H
(
m
y
) ∣∣∣∑∗
χ mod pa
χ(ms′rf ′π)τ
n(χ)
∣∣∣2
)1/2
,
where
H(u) :=
1
π(1 + u2)
.
First, consider the term
C :=
∑
m≪y1+ǫ
|aπ˜(m)|2
m2−2β
(3.29)
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and split the sum in dyadic intervals
C =
∑
1≤i≪(1+ǫ) log(y)
2i∑
m=2i−1+1
|aπ˜(m)|2
m2−2β
.
Applying (2.5) it follows that
C ≪
∑
1≤i≪(1+ǫ)y
2i+ǫ
2(i−1)(2−2β)
,
which implies that
C ≪ y2β−1+ǫ. (3.30)
Hence,
|A2,s/r| ≪ yβ−1/2+ǫp−a−anβ
(
∞∑
m=−∞
H
(
m
y
) ∣∣∣∑∗
χ mod pa
χ(ms′rf ′π)τ
n(χ)
∣∣∣2
)1/2
. (3.31)
Let’s now look at
D :=
∞∑
m=−∞
H
(
m
y
) ∣∣∣∑∗
χ mod pa
χ(ms′rf ′π)τ
n(χ)
∣∣∣2. (3.32)
We have
D =
∑∗
χ mod pa
∑∗
ψ mod pa
∣∣∣τn(χ)τn(ψ) ∞∑
m=−∞
χψ(ms′rf ′π)H
(
m
y
)∣∣∣
Following the general approach of [9, 21], we consider the diagonal and off-diagonal contributions sepa-
rately. Let’s first compute the terms corresponding to χ = ψ:
∑∗
χ mod pa
∣∣∣τn(χ)τn(χ) ∞∑
m=−∞
H
(
m
y
)∣∣∣≪ pa+na ∞∑
m=−∞
H
(
m
y
)
since there are ≪ pa primitive p-power characters and since |τn(χ)| = pan/2 from the properties of the
Gauss sum of a primitive character. Use the Fourier transform property that F{g(xA)} = 1A gˆ
(
ν
A
)
for
A > 0 (see also [9, 21]) to get that
∞∑
m=−∞
H
(
m
y
)
= y
∞∑
ν=−∞
T (yν).
Function T (ν) is the Fourier transform of H(m) and is given by T (ν) = e−2π|ν|, hence
∑
m∈ZH
(
m
y
)
≪ y.
Note we have used the Poisson summation formula. Thus the contribution to D is
≪ pa+nay. (3.33)
For the terms in D that have χ 6= ψ, even if χ and ψ are primitive the product χψ can be non-primitive
because the conductors are not relatively prime. We have that for g : Z/qZ→ C:
∞∑
m=−∞
g(m)f
(
m
q
)
=
∑
b mod q
g(b)F
(
b
q
)
=
∞∑
ν=−∞
gˆ(−ν)fˆ(ν)
where F (x) =
∑∞
ν=−∞ fˆ(ν)e
−2πiνx. Applying this in our case,
∞∑
m=−∞
χψ(m)H
(
m
y
)
=
y
pa
∞∑
ν=−∞

 ∑
b mod pa
χψ(b)e−2πiνb/p
a

T (yν
pa
)
.
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The interior sum is ≪ pa since the number of characters is ≪ pa, and for ν = 0 it is zero since χψ is
non-trivial. Thus, ∣∣∣ ∞∑
m=−∞
χψ(m)H
(
m
y
)∣∣∣≪ y ∑
ν∈Z,ν 6=0
T
(
yν
pa
)
.
Note this relation also holds for the computation performed by [21].
Assuming υ > 1n (which will be part of our constraint) gives that y/p
a →∞. We have
∑
ν∈Z,ν 6=0
T
(
yν
pa
)
≍ 2
e2πyp−a − 1 ≪
1
y
.
Putting everything together, these terms of D contribute
≪ p2a+na. (3.34)
Thus, we conclude that the two contributions for χ = ψ and χ 6= ψ combined give
D ≪ pa+nay. (3.35)
From (3.31) and (3.35), even if π is not tempered,
|A2,s/r| ≪ yβ−1/2+ǫp−a−anβpa/2+na/2y1/2
≪ yβ+ǫp−anβ+a(n−1)/2. (3.36)
For m≫ y1+ǫ, F2
(
m
y
)
≪ ytmt for any integer t ≥ 1, and applying Cauchy’s inequality in (3.27) gives
|B2,s/r| ≪ p−ap−anβyt

 ∑
m≫y1+ǫ
|aπ˜|2
m2−2β+2t


1/2
D1/2.
Splitting the sum over m in dyadic intervals and using (2.5),
|B2,s/r| ≪ p−ap−anβyt

 ∑
i≫(1+ǫ) log(y)
2i+ǫ
2(i−1)(2−2β+2t)


1/2
D1/2
≪ p−ap−anβyt
(
y2β−2t−1+ǫ
)1/2
D1/2. (3.37)
Using the bound in (3.35) gives
|B2,s/r| ≪ yβ+ǫp−anβ+a(n−1)/2. (3.38)
From (3.25), (3.36) and (3.38) we conclude that
|S2,s/r| ≪ yβ+ǫp−anβ+a(n−1)/2. (3.39)
We want S2,s/r → 0 as a→∞. Taking y = panυ in (3.39) gives the condition
−1
2
+ n
(
1
2
− β
)
+ nυ(β + ǫ) < 0,
which implies
υ <
1− n+ 2nβ
2n(β + ǫ)
. (3.40)
If π is tempered then we need to check that υ satisfies conditions (3.18) and (3.40). Thus, for a general
n, taking ǫ→ 0 the desired condition is
1− 1
n(1− β) <
1 + n(2β − 1)
2nβ
,
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or equivalently
β >
n− 1
n+ 1
. (3.41)
If π is not tempered, then conditions (3.23) and (3.40) need to be satisfied. Thus, taking ǫ→ 0 gives
the condition
1− 1
2n(1 − β) < 1 +
1− n
2nβ
,
which implies
β >
n− 1
n
.
Proof of Corollary 1. Take s = r = 1 in Theorem 4 and use the functional equation. Note that if β > 1,
L(π ⊗ χ, β) has an Euler product expansion and hence is nonvanishing.
4 Determination of GL(3) cusp forms
Let π ∈ Au(3) be an isobaric sum of unitary cuspidal automorphic representations of GL(3,AQ). The
local components πl are determined by the set of nonzero complex numbers {αl, βl, γl}, which we represent
by the diagonal matrix Al(π).
The L-factor of π at a prime l is given by
L(πl, s) = det(I −Al(π)l−s)−1 =
n∏
j=1
(1− αll−s)−1(1− βll−s)−1(1− γll−s)−1. (4.1)
Let S0 = {l : πl unramified and tempered}, and let S1 = {l : πl is ramified}. Note that S1 is finite. Take
the union
S = S0 ∪ S1 ∪ {∞}.
Since π is unitary, πl is tempered iff |αl| = |βl| = |γl| = 1.
Lemma 3. If l 6∈ S then
Al(π) = {ult, ul−t, w}. (4.2)
with |u| = |w| = 1. If l ∈ S0 then
Al(π) = {α, β, γ}
with |α| = |β| = |γ| = 1.
Proof. Suppose first that l 6∈ S. Then assume that |αl| 6= 1. Take αl = ult, with |u| = 1 complex and
t 6= 0 real. By unitarity,
{αl, βl, γl} = {α−1l , β−1l , γ−1l }.
Clearly αl 6= α−1l . Without loss of generality, take β−1l = αl. Hence, this gives βl = u · l−t. So, we must
have γl = γ
−1
l , hence γl = w with |w| = 1. Hence
Al(π) = {ult, ul−t, w}
with |u| = |w| = 1.
Now suppose that l ∈ S0. By unitarity |αl| = |βl| = |γl| = 1.
Proof of Theorem 2. Let T = {l|πl or π′l is ramified}. This is a finite set.
Consider l 6∈ T an arbitrary finite place with l 6= p. Let Al(π) = {αl, βl, γl} and Al(π′) = {α′l, β′l , γ′l}.
Applying Theorem 4, aπ(n) = B
aCaπ′(n) for all (n, p) = 1 and all but finitely many a. Since
aπ(1) = aπ′(1), then B = C = 1. Thus, aπ(l) = aπ′(l).
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We want to show that Al(π) = Al(π
′). Indeed,
αl + βl + γl = α
′
l + β
′
l + γ
′
l (4.3)
and since π and π′ have the same central character
αlβlγl = α
′
lβ
′
lγ
′
l . (4.4)
To show that {αl βl, γl} = {α′l, β′l , γ′l}, by Vieta’s formulas and the above two relations, it is enough
to check that
αlβl + αlγl + βlγl = α
′
lβ
′
l + α
′
lγ
′
l + β
′
lγ
′
l.
Suppose Al(π) = {ult, ul−t, w} with |u| = |w| = 1. Then
αlβl + αlγl + βlγl = u
2 + uw(lt + l−t) =
1
u2
+
1
uw
(lt + l−t) =
w + u(lt + l−t)
u2w
,
hence αlβl + αlγl + βlγl =
αl+βl+γl
αlβlγl
.
Now suppose that Al(π) = {αl, βl, γl} with |αl| = |βl| = |γl| = 1. Then
αlβl + αlγl + βlγl =
1
αlβl
+
1
αlγl
+
1
βlγl
=
αl + βl + γl
αlβlγl
.
Thus, this implies that whenever αl + βl + γl = α
′
l + β
′
l + γ
′
l and αlβlγl = α
′
lβ
′
lγ
′
l, we obtain that
αlβl + αlγl + βlγl = α
′
lβ
′
l + α
′
lγ
′
l + β
′
lγ
′
l .
We have thus shown that for l 6∈ T ∪ {p} ∪ {∞}, Al(π) = Al(π′), hence πl ∼= π′l. Since T ∪ {p} ∪ {∞}
is a finite set, this implies that π ∼= π′ by the Generalized Strong Multiplicity One Theorem.
Let π be a unitary cuspidal automorphic representation of GL(2,AQ) with Al(π) = {αl, βl}. At an
unramified place l, it has al = αl + βl and central character ω(̟l) = αlβl, with ̟l the uniformizer at
l. There exists an isobaric automorphic representation Ad(π) of GL(3,AQ) (cf. [5]) such that at an
unramified place l,
al(Ad(π)) = αl/βl + βl/αl + 1.
Proof of Theorem 3. Theorem 2 implies that Ad(π) ∼= Ad(π′). Then, by Theorem 4.1.2 in [14], we deduce
that since π and π′ have the same central character, there exists a quadratic character ν such that
π ∼= π′ ⊗ ν.
5 Complex adjoint L-functions
We give a short overview of the theory of complex adjoint L-functions associated to an elliptic curve E/Q.
This section is mostly review and can be skipped by experts.
Let E/Q be an elliptic curve with conductor N given by a global minimal Weierstrass equation over
Z:
y2 + a1xy + a3y = x
3 + a2x
2 + a4x+ a6. (5.1)
Define the complex L-function of E by the Euler product for Re(s) > 32 :
L(E, s) =
∏
r|N
1
1− arr−s
∏
r 6 |N
1
1− arr−s + r1−2s
where ar = r+1−#E(Fr) if r6 |N . If r|N then ar depends on the reduction of E at r in the following way:
ar = 1 if E has split multiplicative reduction at r, ar = −1 if E has non-split multiplicative reduction at
r and ar = 0 if E has additive reduction at r. In this paper, we will only consider primes r such that E
has semistable reduction at r.
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Let f be the holomorphic newform of weight 2 and level N associated to E. The Fourier coefficients
cr of f at r6 |N prime coincide with the coefficients ar in the Euler product of E and the L-function of E
is given by
L(E, s) =
∞∑
n=1
cnn
−s.
If Λ(E, s) = N s/2(2π)−sΓ(s)L(E, s), then the following functional equation is satisfied:
Λ(E, s) = ±Λ(E, 2 − s),
where the sign varies, depending on E. If we associate to f a unitary cuspidal automorphic form π
of GL(2,AQ) with trivial central character and conductor N then we want to have L(π, s) unitarily
normalized by setting
Lu(π, s) = (2π)
−s−1/2L
(
E, s+
1
2
)
.
By [5], there exists Sym2(π) an isobaric representation of GL(3,AQ). It is cuspidal only in the case when
E doesn’t have complex multiplication.
An elliptic curve E over Q is of CM-type if End(E) ⊗ Q = K, with K = Q(√−D) an imaginary
quadratic number field. We have that L(E, s) = L(η, s − 1/2) for some unitary Hecke character η of the
idele class group CK . We can associate a newform f of weight 2 and level N such that L(f, s) = L(η, s).
Note that N is the norm NK/Q of the product of the different DK/Q and the conductor of η. The central
character ω of f is ω = η0δ, where η0 is the restriction of η to Q and δ the quadratic character associated
to K.
A representation induced by character η as above is called dihedral. If π = IQK(η) then
L(IQK(η), s) = L(η, s).
We can identify η with a character of the Weil group WK by the isomorphism CK ∼=W abK . There is a
two-dimensional irreducible representation ρ : WQ → GL(V ) such that
L(π, s) = L(ρ, s),
with ρ induced from a character of WK and the associated L-function defined as in [19]. By the above
identification, we write ρ = I
WQ
WK
(η) (see also [8]).
Let π be a (unitary) cuspidal automorphic representation of GL(2,AQ). Suppose π is dihedral, of the
form IQK(η) for a (unitary) character η of CK . Let τ be the non-trivial automorphism of the degree 2
extension K/Q. Note that
ηητ = η0 ◦NK/Q, (5.2)
where η0 is the restriction of η to Q. We have,
IQK(ηη
τ ) ∼= η0 ⊞ η0δ (5.3)
where δ is the quadratic character of Q associated to K/Q.
If λ, µ are characters of CK , then by applying Mackey:
IQK(λ)⊠ I
Q
K(µ)
∼= IQK(λµ)⊞ IQK(λµτ ). (5.4)
Taking λ = µ = η in (5.4) and using (5.2) and (5.3),
π ⊠ π ∼= IQK(η2)⊞ η0 ⊞ η0δ.
Since π ⊠ π = Sym2(π)⊞ ω with ω = η0δ,
Sym2(π) ∼= IQK(η2)⊞ η0. (5.5)
17
Denote by π′ the cuspidal automorphic representation IQK(η
2) of GL(2,AQ). We have
L(Sym2π, s) = L(π′, s)L(η0, s).
Twisting by some character χ gives
L(Sym2π ⊗ χ, s) = L(π′ ⊗ χ, s)L(η0 ⊗ χ, s).
Note that L(π′ ⊗ χ, s)L(η0 ⊗ χ, s) is entire unless χ = η−10 in which case
L(Sym2π ⊗ η−10 , s) = L(π′ ⊗ η−10 , s)ζ(s)
has a pole at s = 1. Hence, L(Sym2π ⊗ χ, s) is entire for χ 6= η−10 .
More generally, we define the complex L-function associated to the symmetric square of an elliptic
curve in the following way (cf. [3]). Let l be an odd prime number. Take E[ln] to be the ln-torsion and
Tl(E) = lim←−E[l
n]
to be the l-adic Tate module of E. Consider the Vl(E) = Tl(E) ⊗Zl Ql, which is 2-dimensional over Ql.
There is a continuous natural action of Gal(Q/Q) on Vl. Let Σl(E) = Sym
2H1l (E), where H
1
l (E) =
Hom(Vl(E),Ql). Consider the representation
ρl : Gal(Q/Q)→ Aut(Σl(E)). (5.6)
The L-function of Sym2(E) is given by the Euler product
L(Sym2E, s) =
∏
r prime
Pr(r
−s)−1 (5.7)
in the half-plane Re(s) > 2. The polynomial Pr(X) is
Pr(X) := det(1− ρl(Frob−1r )X|Σl(E)Ir ), l 6= r, (5.8)
with Ir the inertia subgroup of Gal(Qr/Qr) and Frobr an arithmetic Frobenius element at r. By the
Ne´ron-Ogg-Shafarevich criterion we have that
Pr(X) = (1− α2rX)(1 − β2rX)(1 − rX)
when E has good reduction at r (see [3]). The elements αr and βr are the roots of the polynomial
X2 − arX + r
with ar the trace of Frobenius at r.
Let L(Sym2E,χ, s) denote the L-function associated to the twist of the l-adic representations by a
Dirichlet character χ. Note that L(Sym2E,χ, 1) = 0 for χ odd (cf. [4]). The critical points for Sym2E
are s = 1 and s = 2.
Let χ be a primitive even Dirichlet character with conductor cχ. Let C denote the conductor of the
l-adic representation (5.6). If τ(χ) is the Gauss sum of character χ, define
W (χ) = χ(C)c1/2χ
τ(χ)
τ(χ)2
.
Then, by Theorem 2.2 in [3], which is based on results in [5], if the conductor N of E satisfies (cχ, N) = 1,
then
Λ(Sym2E,χ, s) = (C · c3χ)s/2(2π)−sπ−
s
2Γ(s)Γ
(s
2
)
L(Sym2E,χ, s)
has a holomorphic continuation over C and satisfies the functional equation
Λ(Sym2E,χ, s) =W (χ)Λ(Sym2E,χ, 3− s). (5.9)
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6 Adjoint p-adic L-functions
Fix p an odd prime and let E be an elliptic curve over Q with semistable reduction at p. We start this
section by giving a constructing of a p-adic analogue to L(Sym2E, s) by the Mellin transform of a p-adic
measure µp on Z
×
p . We follow the approach in [4].
Suppose first that E has good reduction at p. Let Gp = Gal(Q(ζp∞)/Q) with Gp ∼= Z×p and let Xp be
the set of continuous characters of Gp into C
×
p . For χ ∈ Xp, let pmχ be the conductor of χ.
Consider the real and imaginary periods of a Ne´ron differential ωE =
dx
2y+a1x+a3
of a minimal Weier-
strass equation for E over Z such as (5.1), which we denote by Ω±(E). Let
Ω+(Sym2E(1)) := (2πi)−1Ω+(E)Ω−(E) and Ω+(Sym2E(2)) := 2πiΩ+(E)Ω−(E)
be the periods for Sym2E at the critical twists.
Note that since Z×p
∼= (1 + pZp) × (Z/p)×, we can write X := Xp as the product of X((Z/p)×) with
X0 = X(1 + pZp). The elements of X0 are called wild p-adic characters. Note that by Section 2.1 in [20]
we can give X0 a Cp-structure through the isomorphism of X0 to the disk
U := {u ∈ C×p ||u− 1| < 1} (6.1)
constructed by mapping ν ∈ X0 to ν(1 + p), with 1 + p a topological generator of 1 + pZp.
We follow the definition of the distribution µp(Ω
+(Sym2E(·))) on Gp in [4]. Let χ ∈ X0 be a wild
p-adic character, with conductor pmχ which can be identified with a primitive Dirichlet character. Then∫
Z×p
χdµp(Ω
+(Sym2E(1))) := αp(E)
−2mχ · τ(χ) · L(Sym
2E,χ, 1)
Ω+(Sym2E(1))
(6.2)
and ∫
Z×p
χdµp(Ω
+(Sym2E(2))) :=
{
αp(E)
−2mχ · τ(χ)2pmχ · L(Sym2E,χ,2)
Ω+(Sym2E(2))
χ even,
0 χ odd.
(6.3)
By [4], if E has good ordinary reduction at p then the distributions µp(Ω
+(Sym2E(·))) are bounded
measures on Gp. If E has supersingular reduction at p then the distributions µp(Ω
+(Sym2E(·))) give
h-admissible measures on Gp, with h = 2. Note that the set of h-admissible measures with h = 1 is larger,
but contains the bounded measures.
Now suppose that E has bad multiplicative reduction at p (either split or non-split). We define
distributions µp(Ω
+(Sym2E(·))) on Gp as in [4]. Let χ ∈ X0 denote a Dirichlet character of conductor
pmχ . Then ∫
Z
×
p
χdµp(Ω
+(Sym2E(1))) := τ(χ) · L(Sym
2E,χ, 1)
Ω+(Sym2E(1))
(6.4)
if χ is non-trivial, otherwise set the above integral to zero for the trivial character, and
∫
Z
×
p
χdµp(Ω
+(Sym2E(2))) :=
{
τ(χ)2pmχ · L(Sym2E,χ,2)
Ω+(Sym2E(2))
χ even and non-trivial,
0 χ odd or trivial.
(6.5)
By [4], if E has bad multiplicative reduction at p, then the distributions µp(Ω
+(Sym2E(·))) are bounded
measures on Gp.
Consider µ an h-admissible measure as above. Then
χ→ Lµ(χ) :=
∫
Z×p
χdµ (6.6)
is an analytic function of type o(logh) (cf. [20]). Note that for an analytic function F to be of type o(logh)
it must satisfy
sup
|u−1|p<r
‖F (u)‖ = o
(
sup
|u−1|p<r
| loghp(u)|
)
for r → 1−.
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An h-admissible measure µ is determined by the values Lµ(χx
r
p), where χ is a wild p-adic character and xp
is the p-th cyclotomic character given by the action on the p-power roots of unity, with r = 0, 1, · · · h− 1.
Consider the p-adic distribution µ = µp(Ω
+(Sym2E(2))) as defined above. Denote by Lp the corre-
sponding p-adic L-function. We have
Lp(Sym
2E,χ, s) :=
∫
Z
×
p
χ(x)〈x〉sdµ.
where 〈·〉 : Z×p → 1 + pZp, 〈x〉 = xω(x) , with ω : Z×p → Z×p the Teichmu¨ller character.
Let’s first prove the following lemma:
Lemma 4. Let p be an odd prime. Let E,E′ be elliptic curves over Q with semistable reduction at p such
that Lp(Sym
2E,n) = CLp(Sym
2E′, n), for an infinite number of integers n prime to p in some set Y ,
and some constant C ∈ Q. Then for every finite order wild p-adic character χ,
Lp(Sym
2E,χ, s) = CLp(Sym
2E′, χ, s)
holds for all s ∈ Zp.
Proof. We follow the approach in [10]. Let
G(ν) = Lp(Sym
2E, ν)− CLp(Sym2E′, ν)
for every ν ∈ X0. G vanishes on X1 = {αn = 〈x〉n|n ∈ Y } by hypothesis; we want to show that G
vanishes on X0. We will use the fact that G is an analytic function on X0 of type o(log
h) (as in (6.6)). G
considered as an analytic function on U (see (6.1)) vanishes on the subset
U1 = {(1 + p)n|n ∈ Y }.
We will show that there exists r = 1/p such that the number of zeros z of G such that |z − 1| = r
is infinite. Indeed, for all n ∈ Y elements in an infinite set with n relatively prime to p as above,
zn := (1 + p)
n ∈ U1 is a zero of G and
|zn − 1| = |(1 + p)n − 1|p =
∣∣∣ n∑
j=1
(
n
j
)
pj
∣∣∣
p
=
1
p
.
By Section 2.5 in [20], G is identically zero on U .
Proof of Theorem 1. By Lemma 4, for every finite order wild p-power character χ, the identity
Lp(Sym
2E,χ, s) = CLp(Sym
2E′, χ, s) (6.7)
holds for all s ∈ Zp. By equation (6.3), if E has good reduction at p then
αp(E)
−2mχL(Sym2E,χ, 2) = C ′αp(E
′)−2mχL(Sym2E′, χ, 2) (6.8)
for some C ′ ∈ Q.
If E has bad multiplicative reduction at p, then by (6.5),
L(Sym2E,χ, 2) = C ′′L(Sym2E′, χ, 2) (6.9)
for some C ′′ ∈ Q.
Let π, π′ be the isobaric sums of unitary cuspidal automorphic representations over GL(3,AQ) asso-
ciated to Sym2E and Sym2E′ respectively (If E and E’ are not CM, then these are just unitary cusp-
idal representations). Then the unitarized L-functions Lu corresponding to π and π
′ satisfy Lu(π, s) =
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L(Sym2E, s+ 1). Hence, it follows that if E has semistable reduction at p, we have from (6.8) and (6.9)
that
L(π ⊗ χ, 1) = C1Cmχ2 L(π′ ⊗ χ, 1)
for all wild p-power characters χ of conductor pmχ with mχ sufficiently large and by the discussion in
Section 5, the twisted L-functions are entire. Then by Theorem 2, we conclude that π ∼= π′ and thus
Ad(η) ∼= Ad(η′) where η, η′ are the unitary cuspidal automorphic representations of GL(2,Q) associated to
E. By Theorem 4.1.2 in [14] we conclude that η′ = η⊗ν with ν a quadratic character since ωη = ωη′ = 1.
Write ν(·) = ( ·D). It then follows by Faltings’ isogeny theorem that E′ is isogenous to ED, where for the
elliptic curve E given by the equation y2 = f(x) we have that ED is given by the equation Dy
2 = f(x).
Clearly if the conductors of E and E′ are square free, then E ≈ E′.
Remark Suppose E,E′ are CM elliptic curves and let η, η′ be their associated idele class characters
over the imaginary quadratic number fields K and K ′ respectively. If we let π, π′ be the representations
induced by the characters η, η′, then they are dihedral. By the discussion in Section 5,
L(Sym2π, s) = L
(
IQK(η
2), s
)
L(η0, s) (6.10)
where η0 denotes the restriction of η to Q, and similarly for π
′. If K = K ′ then η0 = η
′
0. Hence, Theorem
1 for E,E′ as above is a consequence of Lemma 4 and Theorem A in [10], since IQK(η
2) is a cuspidal
automorphic representation of GL(2,AQ).
It is unclear if for K 6= K ′ Theorem 1 can be reduced to a consequence of a result on the determination
of GL(2) cusp forms. The special values L(η0 ⊗ χ, 1) and L(η0 ⊗ χ, 2) can be expressed in terms of the
generalized Bernoulli numbers B1,η0χ and B2,η0χ respectively, but there is no clear way to separate the
contributions from η0 and χ in L(η0 ⊗ χ, 1).
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